stichting

mathematisch

centrum MC
AFDELING ZUIVERE WISKUNDE ZW 90/76 DECEMBER

(DEPARTMENT OF PURE MATHEMATICS)

A.E. BROUWER & J. VAN DE LUNE

A NOTE ON CERTAIN OSCILLATING SUMS

T
s

2e boerhaavestraat 49 amsterdam




Printed at the Mathematical Centre, 49, Ze Boethaavestraat, Amsterdam.

 The Mathematical Centre, founded the 11-th of February 1946, is a non-
pro it institution aiming at the promotion of pure mathematics and its
applications. It is sponsored by the Netherlands Governmment through the
Netherlands Onganization for the Advancement of Pure Research (Z.W.0).

AMS (MOS) subject classification scheme (1970): 10F20, 10GO5




\1ote on certain oscillating sums

i, Brouwer and J. van de Lune

(_])[na].
1

STRACT: Let S(N,a) =
n

Il o~ 2

A characterization is given of al
In addition it is shown that the se

besgue measure zero.
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[NTRODUCTION

In this note we investigate sums of the

D) (aer).

1

o~

1) SN(a) =
n

In particular we shall characterize the

ts of N where

2) P 0 for all N

{aeR | Sx (o)

v

3) N 0 for all N

HA

{0eR | Sy (@)

se characterizations (see theorem 2.1 and
regular continued fraction expansions of

addition it will be shown that P and N hav
PREPARATIONS

We start dealing with P.

It is clear that

1) 0eP

2) aeP = a+2c¢eP.

Hence, without loss of generality, we ma
e being we also assume a to be Zrrational.

A simple counting process reveals that i

(_l)k-l
1

{[kp] - [ (k-1

ho~—mR

3) S (a) =
N k

and the irrational elem

ill be given in terms of
rresponding o.

esgue) measure 0.

me that o > 0. For the

positive then

-DM (N-[MB1}
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tThere M = [No] and B ='§.
)bserve that for any M ¢ IN

: _ k-1 _ _
1.4) S[Ms](“) = (-1 {[kg] - [(k-1)B]1}.

I~ =

k=1

.t is easily seen that (for positive a) o € P if and only if

2K
1.5) Y (-1)
k=1

5l (k1 - [-1)B1} 20 for all K ¢

ince 2K is even (sic!) it follows that o e P if and only if
e Z
2K K

1.6) I DS (k(e+2)T - [k-1)(8+2)1} 2 0 for al
k=1

If we choose B + z > 0 it follows that

1
1-7) GEP@'BTZ-GP-
In particular, taking z = - [B] we obtain
1.8) o€ P = ] e P.
1 1
- = [=]
a a

For any irrational a with regular continued fraction exp

a = <ags a, @95 83y +ee > = a, +

e define

1.9) gla) = < 3,5 A3, 8,5 8gy +.. >




0) pk(a) = < 03 A Ay Bpigs e > (keIN) .

It is clear that

1) 0 < pk(a) <1 for all k e N
2) 1. < ; a >
pk(a) 83 A1 a2 o
hat
3) — = + P, ., (a)
pk(a) k “k+1

1

4 ) [—pk—(-a)-] = ak N
e
5) ‘ -1 - + o, ()
LT o @ 7 kel T Pt
Py (@) pk(a)

A 1.1. If o ©s positive and irrational then

6) a e P <= (g(a) ¢ Pand a, = 0 (mod 2)).

0
F. (2) Let o ¢ P. Then ag = 0 (mod 2). Indeed, if a, £ 0 (mod 2) we
d have Sl(a) = - ] so that o ¢ P.

g, by (1.2), it follows that o- ag € P, so that by (1.8) we have




-

17) - e P.

Ny

nce the left hand side of (1.17) equals g(o) this part of the proof is

mplete.
:). If g(a) € P then by (1.17) and (1.8) we have that a=a, € P. Since

= 0 (mod 2) it follows from (1.2) that a € P. g

Define

.18) Py={0sa<1|s (a) >0 forall ng N}

‘om this definition it is clear that

.19) Pl > P2 > P3 > ...

o

.20) Pn[0,1) = N P..
N=1 N

t FN be the Farey series of order N, restricted to the interval [0,1).

MMA 1.2. PN s a (non-empty) union of a finite number of intervals of the

rm [a,b) with a < b where a and b are (rational) points of FN’

OOF. It is easily seen that

1 N-1
.21) [0,—) c PN and [T’ 1) c PN

oving the 'mon-empty" part of the lemma.

w let a and b be consecutive points of FN' Then the proof is complete if

can show that

.22) ae PN = [a,b) < PN.




jefinition, a € P.\] implies that
L

n

23) S () = ) (1)
n k=1

(ko] > 0 for all n

ce for every fixed k < N the function [kx]

ervals [O,—lk—), [%, %), e s [Ei-l—, 1‘) and s

one of these intervals, the lemma follows

ty argument. g

OLLARY 1.1. P is left-closed. In other wor

is a non—-increasing sequence in P

{a )}

n n-1
OLLARY 1.2. P is (Lebesgue) measurable.

MA 1.3. Let o be irrational and positive.

B='cl;',M€]N, N =[2MB], z € Z,

1
24) SN(oc) = SK(EIZ)'

JOF. This is a simple consequence of (1.4).

]

we choose z -[B] in lemma 1.3 then

+25) K = [2M(B-[B1)] < [2MB] = N.

on ea
s alwa

by a r

., then

(= [2v
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1)

00F. (
servin
). Now
en als
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.2)

oose N
nimal.

the F
r ever
nonica
nce, s

such

.3)

cause

om con

at the

.4)

ATION OF P

et a be irrational and positive with regular continued frac-

< aps aps 3y, 3gs eee

P < (a2i 0 (mod 2) for all i > 0).

0 = (mod 2) and g(a) € P.

gla) = < ay3 azs 8, ... > We must have a, = 0 (mod 2) etc.

t o € P. Then, by lemma 1.1 we have a

e that a,. =0 (mod 2) for all i > 0. Suppose that a ¢ P.
ef
=" a - a ¢ P.

pl) < 0 for some N ¢ NWN.

that the inequality in (2.2) holds true and such that N is
0 < py < I we may consider the position of oy with respect
eries of order N,

N such that n < N, the function [nx] is constant on the

mallest) intervals of the form [a,b) corresponding to FN'

1 is irrational, there exists an open interval I containing

y) < 0 for all y € I.

minimality of N there exists an M ¢ IN such that N = [%M].
1

y arguments concerning regular continued fractions it follows

sts an £ € IN such that all irrational numbers x > 0 defined

< 0; a;, a >

22 "t 2 Fop-10 3900 Mogiqe Mogepe oo
th mj e N, j > 20+1)




such that

2M
) x e 1 and L;;] = [ETJ = N.

=8 (< 0;a3,a4,...,azz,N¢1,l,l,...>) = SNl (e

out loss of generality we may assume that N1 is the sm

ver for which

SNl (p3(a)) < 0,

:inuing this reduction we will ultimately find a natur:

10) S (<O3N,1,1,1,...>) < O with N
Ng L

A
=z

-he other hand, since

.
N+§

(< 3y

1) < O3N,1,1,1,... > = N

some § > 0 and since N2 < N we have

12) S. (<0O:N,1,1,1,...>) > 0.
NZ

se this contradicts (2.10) the proof is complete.




'HEOREM 2.2. If o <8 rational then o € P if and ¢
‘inued fraction expansion of o is of the form

2.13a) o = < an3a sdgs .- 122 >

©2890-1222y
th

2.13b) o = 0 (mod 2) for all O < i < 2.

2i

'ROOF. Suppose o satisfies (2.13).

'hen

2.14) a < ay for all N ¢ NN

'here

2.15) ay = < 3y3apsa 13839,22N,2N, 2}

gseeesdng

bserving that P is left closed and that

2.16) kig ay = @ and ay € P.

.t follows from (2.14) that o e P.
low assume that (2.13) is not satisfied. Observe

md rational then (compare (1.3))

(-1)k {[k(B-e)] - [(k
1

e~

2.16 S . (a) = lim
) N( ) Lim

——

k
+ (-1
'here

M = lim [N(a+e)] = [Nal].
e+0

® the canonic

f a 1is posi

€)]} +

'[M(B-e)]}}




this we obtain that (for pésitive'a) o € P if and only if for all

k-1

7) lim ) (-1)°  {[k(B-e)] - [(k=1)(B-€)I} > O

hat, similarly as in section 1, for ¢ > 0 and o € Q we have

1
8) a € Pe= (EIE € P for some z ¢ Z).

articular we use (2.18) with z =- [B].
l. o =< ao;al,az,...,azjl_1 >

ming that o € P we would ultimately obtain that < a, _,3 a,, ;| > € P

hat we must have a22-2 = 0 (mod 2) and hence
9) < 0;a,  >=——cP.
2201

ver, it is easily verified that P does not contain any of the numbers

n ¢ N.

2. o =< ao;a],az,...,aZZ_l,a22 >

ay: $ 0 (mod 2) for some i.

ated use of (2.18) reveals that o % P. g

'HE MEASURE OF THE SET P.

REM 3.1. The set P has measure 0.

F. Define P* = {P\Q} n [0,1).

(ai’bi) be some countable system of open intervals such that 0 < a; < bi

all 1 and




def <« *
= U (ai’bi) > P .

4
(3.1) E )

irom the characterization of the irrational points belonging

:lear that
1
(3.2) PP=_ U i L
\ -
k,a=l Lk + 2a + x J
xeP
350 that
* w [ 2a+x 1
(3.3) Pre k%=1 K@aroeT I
xeE

yince for all fixed k, a ¢ N the function

2a+x

Qa0

(3.4)

is increasing we obtain that (A denoting Lebesgue measure)

(3.5) A(P) < E [ ks S O
:i,k,a=1 lk(23,+bi)+1 k(23+ai)+1 j
= b.-a.
) ! <
i,k,a=l {k(2a+bi)+]}{k(2a+ai)+l} =
< v _b_i:a_i = l {ﬂ_z_\z, )\(E)
= kasl 4k la2 4 \'6)

It follows that

4
T

(3.6) APY) < T ME) < —17-0- A(E) .

HA




e P* is measurable and E may be chosen such that
) AE) < A(PY) + e,

ollows easily that we must have

) A(PT) = 0
hence

) A(P) = 0.
'HE SET N

REM 4.1. If o is Zrrational then

) aeN < -oac¢ebP.

)F. Observe that

) [x] + [%] = -1 for all x ¢ R\Z.

re, if o is irrational then

N N
n o sy = ) ot enTiel
n=1 nﬁl
N N
= —2 (_1)—[—1'1(1] = - Z (_])[n(_a)]
=1 n=1

that

4) SN(OL) <0 <= SN(-a) > 0,
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)roving the theorem.

EMARK. In general, formula (4.1) does not hold true for a ¢

seen from the following example: 1 ¢ N, -1 ¢ P.

JOROLLARY. The set N has measure zero.

). ONE MORE PROPERTY OF P (resp. N)

"HEOREM 5.1. For every irrational o € P we have that

5.1) SN(a) = 0 for infinitely many N ¢ N.

n order to prove this we use the following
EMMA 5.1.If the positive integers p and q are such that p i

P>q) =1 then

’ B =
5.2) (q) 0.

Sq—l

’)ROOF. Consider the q—-1 numbers

B 2 {e=Dp
¢’ g T
jince (p,q) = 1 none of these numbers is an integer and since

| is odd so that gq-1 is even. i
q-1
2

jince p is even we have for 1 T that the integers

HA
HA

(r %J and [(q-r) -

0 g
—

1ave different parity from which it is clear that Sq—l (g) =

’ROOF OF THEOREM 5.1.

Jithout loss of generality, we may assume that O < o < 1.
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o = < 03 @158y > and let
B o0 A _ 1 B ® Ay
Sy o T Ty 5 T T s ccc 9@ s e
B0 1 Bl a, B2 ala2+1 Bn

he corresponding convergents.

e o € P we have thatAa2i = 0 (mod 2) for all i 1 from which it is

v

ly seen that A2n is even for all n.

In order to prove the theorem it suffices to show that for all n ¢ N

an—l

) Y (-1
k=1

[kal _ 0.

e A2n is always even it follows from lemma 5.1 that

B. -1 !k_EE]

) §o(-1) =0,

[ 22n]
)) [kal = tk =— for 1 <k < B - 1.
L B2 | = "2n
n
yroceed by contradiction. A
‘5.5) is not true then (note that an < a)
2n
A
. 2n
5) kB <m<ka for some m e NN.
2n
e
A A, A
7) - ;m-kB2“<ka-k§7:3=k(a—-Bﬁ‘-)<(132—1)- L
2n 2n 2n 2n n B Bon




'his contradiction completes the proof.

JOROLLARY. For every irrational a € N we have that
(5.8) SN(OL) = 0 for infintely many N ¢ NWN.

ADDENDUM.

During the preparation of this note J. VAN DE LUNE and H.J.J. TE RIELE

>roved the following (more general)

[HEOREM. If o Zs Zrrational then Sn(a) = 0 for infinitely many n e N.

REMARK: From now on all fractions % are assumed to be irreducible.

In order to prove the theorem we use the following

: 3 .E. =
EMMA. If p Zs odd then qu(q) 0.

>ROOF : Observe that the numbers

[r%] and [(q+r) -g—] , 1 <r<gq
2ave different parity. a

In addition we will use the following well-known

CHEOREM (of HURWITZ). If a ¢ R <8 irrational then there exist infinitely

nany rationals % such that

1
Q*/5

a2 <
q

>ROOF OF THE THEOREM. Let H be the set of all fractions %-such that

1
/5

2| <
q
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s clear that the proof w complete if we can show that for every
(@) r qu(u) = 0.

onsider a number of case

H we have either Sq_

1. %-e H, p even.

we have Sq_l(a) =0,

rder to see this it is ¢ - sufficient to prove that Sq_l(a) =
.
q
e it is sufficient to sh t
{kal = [k%] for 1 q-1.
ming this does not hold e have for some k, 1 < k < q-1, that there

ts an m € Z such that

k% <m<ka (in - < Q)
ko<m<k E-(in LN ).
= q q
e 1 <k < q-l, equality above cases is impossible and thus
cilm-kl]< R IR S
q q q 5
h is a contradiction.
2. 2cm odd.
2y s P
In this case we have 82 + 0. In order to see this we need only
P
" that S a) =S, ().
2q(@ = 85¢B

2.1. %< a, p odd.
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CASE 2
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so tha

Since

REMARK
(i) 1

(ii) i

to sho

ko] =

ay be

cepi

ay be

the a

even

odd t

HA
=
A

simila

2p-1

ffices

=
1A
L

rly as

ration

= n fo
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